The goal of this paper is to provide estimates leading to a direct proof of the exponential decay of the n-point correlation functions and the analyticity of pressure for certain unbounded models of Kac type. The methods are based on estimating higher order derivatives of the solution of the Witten Laplacian equation on one forms associated with the hamiltonian of the system.
Introduction
In recent publications we have given a generalization to the higher dimensional case of the exponential decay of the two-point correlation functions for models of Kac type. We have also provided an exact formula suitable for a direct proof the analyticity of the pressure. This paper is a natural continuation of ref [1] and [2] .
Let Λ be a finite subset of Z d , and consider a Hamiltonian Φ of the phase space R Λ . We shall focus on the case where Φ = Φ Λ is given by
under suitable assumptions on Ψ.
Recall that if f denote the mean value of f with respect to the Gibbs measure e −Φ(x) dx, the covariance of two functions g and h is defined by
If one wants to have an expression of the covariance in the form cov(g, h) = ∇h · w L 2 (R n ,R n ;e −Φ dx) ,
for a suitable vector field w we get, after observing that ∇h = ∇(h − h ), and integrating by parts, cov(g, h) = (h − h )(∇Φ − ∇) · we −Φ(x) dx.
(Here we have assumed that g and h are functions of polynomial growth ). This leads to the question of solving the equation
Now, trying to solve this above equation with w = ∇f, we obtain the equation
The existence and smoothness of the solution of this equation were mentioned in [3] and rigorously established in [1] under certain assumptions on Φ. Now taking gradient on both sides of (6), we get
We then obtain the emergence of two differential operators:
and A
Thus cov(g, h) = A
The operators A
Φ and A
Φ are called the Helffer-Sjöstrand's operators. These are unbounded operators acting on the weighted spaces
respectively. The formula (10) was introduced by Helffer and Sjöstrand and is in some sense a generalization of Brascamp-Lieb inequality as already pointed out in [4] .
The unitary transformation
will allow us to work with the unweighed spaces
converting the operators A
Φ into equivalent operators
and
respectively. The equivalence can be seen by observing that
The operators W
Φ and W
Φ are unbounded operators acting on
respectively. These are in fact, the euclidean versions of the Laplacians on zero and one forms respectively, already introduced by E. 
Higher Order Exponential Estimates
We shall consider a Hamiltonian of the form
where
g will denote a smooth function on R Γ with lattice support S g = Γ ( Λ) . We shall identify g withg defined on R Λ and shall assume that
As in [1] and [2] , we shall momentarily assume that Ψ is compactly supported in R Λ and g is compactly supported in R Γ but these assumptions will be relaxed later on.
Let M be the diagonal matrix
where ρ is a weight function on Λ satisfying
Assume also that there exists δ o ∈ (0, 1) such that
for every M as above.
where κ is a positive.
The following theorem has been proved in [1] :
Theorem 1 (A. Lo [1] ) Let g be a smooth function with compact support on
and Φ is as above. If f is the unique C ∞ −solution of the equation
κ and C are positive constants. C could possibly depend on the size of the support of g but does not depend on Λ and f.
We now propose to generalize this theorem to higher order derivatives. 
where C k > 0 is a constant that depends on the size of the support of g but not dependent on Λ and f.
Proof.
The case k = 1 being theorem 1, we assume for induction that the result is true when k is replaced byk < k withk ≥ 2.
For k ≥ 2(see [3] for details), we have
In the right hand side of this last above equality, we have used the notation
.
Let M 1 be the diagonal matrix
in particular, we have
As in [1] , the function
i1∈Λ s∈Λ
Next, we propose to estimate each term of the right hand side of this above inequality.
i2,...,i k ∈Λ s∈Λ i1∈Λ
Similarly, it is easy to see that
To estimate the last two terms, we have i2,...,i k ∈Λ A∪B={1,...,k},A∩B=∅ #B≤k−2 1∈A
This last inequality above follows from the induction assumption and that of Φ.
Thus, i2,...,i k ∈Λ A∪B={1,...,k},A∩B=∅ #B≤k−2 1∈A
Similarly, we have i2,...,i k ∈Λ A∪B={1,...,k},A∩B=∅ #B≤k−2 1∈B
We then finally get
then there is nothing to prove, otherwise we have, after using Cauchy-Schwartz and dividing by
Relaxing the Assumptions of Compact support
As in [1] , we consider the family cutoff functions
We then introduce
A straightforward computation (see [1] ) shows that Ψ ε (x) and g ε (x).satisfy
and that
It then only remains to check that
(29) where C k is a positive constant that does not depend on f and Λ.
Let α be such that |α| ≥ 3. Using Leibniz's formula, we have
Assuming that Ψ(0) = 0 and write
Now using the fact that
Finally, using the fact that
it is then easy to see that
Thus
(34) Now using the arguments developed in [1] (see also [3] ) about the convergence of the corresponding solutions as ε → 0, we obtain: 
The Truncated Correlation Functions
The higher order correlation is defined as
For simplicity we shall take k = 3 and Φ is as in proposition 2. Let g 1 , g 2 , and g 3 be smooth functions satisfying (15) and f i i = 1, 2, 3 shall denote the unique solution of the system
Recall that
For an arbitrary smooth function c, it is easy to see that
A direct computation shows that
Let us now estimate each term of the right and side of this equality. Using Cauchy-Schwartz, and proposition 2, it is easy to see that
Here the constants C only depends on the size of the support of the g i 's. and
Thus if d > 1, we obtain this weak exponential decay of the truncated correlations in the sense that the exponential decay occurs as you simultaneously pull the spins away from a fixed one. Note that in the one dimensional case, we obtain a stronger exponential decay due to the fact that
This was already pointed out in [3] .
The Analyticity of the Pressure
Again, let Λ be a finite domain in Z d (d ≥ 1) and consider the Hamiltonian of the phase space given by,
Let g is a smooth function on R Γ with lattice support S g = Γ. We identified g withg defined on R Λ bỹ g(x) = g(x Γ ) where x = (x i ) i∈Λ and x Γ = (x i ) i∈Γ
and satisfying
where x = (x i ) i∈Λ , and assume additionally that g satisfies
We consider the following perturbation
Denote by
We proved in [2] that for n ≥ 1
We shall additionally assume that Φ t Λ (x) satisfies assumption (20) above, and that the constant C k which could possibly depend on t grows polynomially in k.
We propose to get an estimate of < A n−1 g g > t,Λ . Assume temporarily that g and Ψ are compactly supported. We have for n ≥ 1
From the proof of proposition 2, one can see that
Observe also that the C ′ i s here grow polynomially in i. One can then choose C large enough so that
We first propose to estimate ∇ k A g g .
Hence
A straightforward iteration shows that in general
Next, we propose to get a C n bound of ∇A .
We then have
. Now using this last inequality, we obtain This provides a direct proof of the analyticity of the pressure based on a C n bound of the coefficients in the Taylor expansion for certain classical unbounded model in Statistical Mechanics.
